A local interpolation operator, preserving the divergence, is constructed explicitly, which is the first ever one for the divergence-free elements. A divergence-free finite element method is applied to the Darcy-Stokes-Brinkman flow in a mixed region of both free and porous medium. The method is of optimal order in contrast to the traditional H div and H 1 mixed finite elements, which work for either the Darcy flow or the Stokes flow but not the mixture. Comparing to the existing non-conforming elements, the divergence-free element method provides a continuous solution for the velocity which is also an orthogonal projection within a Hilbert subspace of the true velocity. Numerical tests supporting the theory are presented.
Introduction
We consider a model Darcy-Stokes-Brinkman mixed flow problem (cf. [10, 19] where Ω is a bounded polygonal domain in R 2 , and Ω g = 0. When ǫ = 0, (1.1) becomes the Darcy's law for porous medium flow. When ǫ = 1, (1.1) is a form of Stokes equations, modeling free fluid flow. When the singular perturbation parameter ǫ varies between 0 and 1 in the domain, the partial differential equations (1.1) change the type. The Darcy-StokesBrinkman equations can be applied to fuel cell dynamics, for example, which models the flow of gas and water in a multi-domain by one set of equations on a single domain, cf. [19] .
As pointed out in [10] , the traditional H div mixed elements for 2nd order elliptic equations (when ǫ = 0) and H 1 mixed elements for the incompressible fluids and nearly incompressible materials (when ǫ = 1) do not work for ǫ both close to 0 and 1. In most mixed finite elements for the Stokes equations, to satisfy the inf-sup condition, the finite element space for the velocity is chosen too big in the sense that there is a (lot) v h the finite element velocity space V h such that div v h L 2 = 0 but (div v h , q h ) = 0 (1.2)
for all q h in the finite element pressure space P h . In this case, a non-divergence free part of finite element solution u h is not controlled by the second equation of (1.1) due to (1.2), while not controlled well by the first equation of (1.1) either if ǫ = 0. It is controlled only by the lower order term in the first equation of (1.1). This results to div u h − g L 2 → 0 and even div u h L 2 → ∞, usually. Two such examples are provided in [10] . On the other side, in most mixed element methods for the Darcy's law, the finite element velocity space is not even an H 1 space, neither an H 1 -nonconforming space, but only an H div space. Such mixed elements would obviously not work for the Stokes equations. For a pair of finite elements spaces to work uniformly for the problem (1.1) with ǫ ∈ [0, 1], a compatible condition is, implied by [10] too, div V h = P h .
(1.3)
Of course, the div in (1.3) can be interpreted in a weak sense, i.e., div is a discrete divergence operator. In other words, (1.2) would not happen. So far, very few such element pairs are constructed [10, 19] , satisfying (1.3), for the Darcy-Stokes-Brinkman system (1.1), and they are all H 1 non-conforming elements.
For the Stokes or Navier-Stokes equations, rewritten in variational forms, the primitive unknowns, the velocity and the pressure, belong to Sobolev spaces H 1 and L 2 , respectively. Naturally, a finite element method would be the P k -P dc k−1 element which approximates the velocity in an H 1 -subspace of continuous piecewise P k polynomials and approximates the pressure in an L 2 -subspace of discontinuous P k−1 polynomials. This is a truly conforming element as the incompressibility condition is satisfied pointwise and the discrete solution for the velocity is a projection within the space of divergence-free functions. We call such H 1 finite elements divergence-free elements. A fundamental study on the method was done by Scott and Vogelius ( [14, 15] ) that the method is stable and consequently of the optimal order on 2D triangular grids for any k ≥ 4, provided the grids have no nearly-singular vertex. Some other divergencefree elements are also discovered, cf. [1, 3, 4, 12, 20, 21, 22] . To be divergence-free elements, the necessary and sufficient condition is (1.3). In principle, all divergence-free elements would approximate the solutions of the Darcy-Stokes-Brinkman system in optimal order, uniformly for all ǫ ∈ [0, 1]. In this work, however, we only analyze one type of divergence-free element, the 2D P 2 Hsieh-Clough-Tocher divergence-free element. This element was analyzed by Qin and shown to be stable for the Stokes equations, in an unpublished work [12] . Nevertheless, our analyze is not based on Qin's work. We constructed a first-ever divergence-preserving interpolation operator, extending the Scott-Zhang operator [16] . Here the divergence-preserving is meant "pointwise" in the following sense:
where P 0 is the L 2 -orthogonal projection operator to the the image space of divergence of discrete velocity space. In particular, div I h u = 0 if div u = 0. Previously, such operators were constructed by Girault and Scott [9] , and some others [10, 19] , for some finite elements but not for divergence-free elements. A divergence-preserving operator would imply the infsup condition for the finite element pair (V h , P h ). Therefore, we re-produce Qin's result [12] as a byproduct. With this divergence-preserving operator, the uniform convergence for (1.1) by the P 2 Hsieh-Clough-Tocher divergence-free element would be deduced. Using the same technique, one can construct divergence-preserving operators for higher order Hsieh-CloughTocher divergence-free elements on triangular grids, for example, the P 3 HCT element in [12] , as well as to P k HCT divergence-free elements on tetrahedral grids for any k ≥ 3, cf. [20] . But it seems this kind of construction would be possible only for such a few macro-elements. Finally, we provide numerical results supporting the theory.
The divergence-free element
Multiplying the Darcy-Stokes-Brinkman equations (1.1) by test functions and integrating by parts, the following variational form for the problem is derived:
where
is the vector Sobolev space with 0 trace on ∂Ω, L 2 0 (Ω) is the space of square integrable functions with mean Ω (·) dx = 0, and
The problem (2.1) is well posed (cf. [10, 13] ) when ǫ ∈ (0, 1]. By [10] , it is well posed for ǫ = 0 too.
Let Ω be a 2D polygonal domain, triangulated into quasiuniform gridsT h (cf. [7] ) of triangles, with a grid size h. We consider one type divergence-free element. The theory established here would be generalized to all divergence-free elements in 2D and 3D, though. In 2D, cf. Figure 1 , we connect the bary-center of each triangle M inT h to its 3 vertices. The refined grid is called a Hsieh-Clough-Tocher grid (cf. [7, 12] ):
Then the P 2 -P dc 1 mixed finite element space for the 2D problem (2.1) is defined as follows, to be referred by P 2 Hsieh-Clough-Tocher divergence-free element,
2)
3)
The following uniform (in h) inf-sup condition is shown, via the macro-element technique of Stenberg [18] , by Qin in [12] :
However, we will show a stronger version inf-sup condition in this manuscript, for our singular perturbation problem (2.1), by constructing a divergence-preserving, polynomial preserving, Figure 1 : A uniform triangulationT h splits into a Hsieh-Clough-Tocher grid T h . and boundary-condition preserving interpolation operator. For V h -P h defined in (2.2)-(2.3), by the inf-sup condition (2.4), it follows that, i.e., (1.3) holds,
For any q h = div w h ∈ P h , we have, by the divergence theorem,
Here n s denotes the unit normal to ∂Ω. Therefore, the mixed pair of finite element spaces is conforming:
Furthermore, the divergence free finite element space is also a subspace of the continuous divergence free space,
The finite element approximation problem for (2.1) is then: Find u h ∈ V h and p ∈ P h such that
3 Divergence-preserving interpolation
The main work is in this section, constructing an interpolation operator from H 1 0 space to the discrete velocity space V h , which preserves the divergence. Such operators were constructed before by Girault and Scott [9] for Taylor-Hood elements and (P 2 +B 3 )-P 1 triangular elements. Straightforwardly, one would hope to interpolate a velocity u = u 1 , u 2 to preserve its gradient. But it is not possible. In general, it is not even possible to interpolate u to preserve ∂ x u 1 and ∂ y u 2 only. Here, we preserve ∂ x u 1 + ∂ y u 2 pointwise in the sense of (1.4). As we are unable to prove the existence of such an I h abstractly, we give a constructive proof where the explicit dual basis functions are calculated. For example, instead of showing the invertibility of an 8 × 8 matrix A, we compute its inverse and listed the entries in Figure 4 .
The mixed finite element spaces V h and P h in (2.2) and (2.3) are decomposed into global and local spaces:
In other words,Ṽ h is the C 0 -P 2 space on the original gridT h ,V h is the space local macro-P 2 bubbles on each big triangle M ∈T h (which is refined into 3 triangles of T h ),P h is the traditional P dc 0 space onT h , andP h is the P dc 1 space of functions with mean value 0 on each macro-triangle M of the base gridT h . Here P dc 1 stands for the space of discontinuous, piecewise linear polynomials.
We define the divergence-preserving interpolation operator in two steps. First, we define an operatorĨ h from H 1 0 (Ω) 2 to the subspaceṼ h . This would be standard as described in [6] , for example, if the function to be interpolated is slightly regular than H 1 so that its nodal values are well defined. To be general, we defineĨ h by the Scott-Zhang operator [16] which uses the edge averages as the nodal values of interpolant so that the homogeneous boundary condition and polynomial functions are preserved. For each vertex x i of triangulationT h , we choose an edge E x i fromT h which is any one edge if x i is an internal vertex, or one boundary edge, cf. Figure 2 ,
Let {φ j,x i (x), j = 1, 2, 3} be the three standard Lagrange P 2 nodal basis functions ofṼ h on the edge E x i . In particular, φ 1,x i is numbered to be the P 2 nodal basis at the vertex x i . Then on the edge E x i we have a dual basis {φ j,x i ∈ P 2 (E x i ), j = 1, 2, 3} which are defined uniquely by
In fact, it is easy to get that
where x ′ i is the other end point of edge E x i , s is an arc-length parameter and h is the length of the edge, cf. Figure 2 . Therefore, we uniquely define the nodal value (a vector) ofĨ h v for 
Next we define the mid-edge values ofĨ h v(m i ) so that the divergence of v is preserved on each macro-triangle M ∈T h . For each mid-edge point m i of gridT h , let E m i be the corresponding edge, cf. Figure 2 . Using the same notations above, we let {φ j,m i (x), j = 1, 2, 3} be the three standard Lagrange P 2 nodal basis functions ofṼ h on the edge E m i , where φ 2,m i is the P 2 nodal basis at the mid-point m i . We define, for each
where x 1 i and x 2 i are the two end points of the edge E m i , cf. Figure 2 . Here (3.11) is well defined, as the integral in the denominator is nonzero.
Lemma 3.1
The following linear interpolation operator preserves the boundary condition, thẽ V h functions and the divergence element-wise, and it is H 1 -stable:
see (3.10) and (3.11) . That is,
Proof. Since we choose a boundary edge for each boundary vertex and for each mid-edge node on the boundary in (3.5), the averaged values are
HenceĨ h v| ∂Ω = 0 andĨ h v ∈Ṽ h . Next, the dual basis preserves the nodal values of P 2 polynomial, cf. (3.6)-(3.8), i.e.,
Thus we haveĨ
By mapping the dual basis to [0, 1] and taking the averaging process on [0, 1], it is straightforward to show the stability, cf. [16] , that
for all v ∈ H 1 0 (Ω) 2 . Finally, for element-wise divergence preserving, it follows by the divergence theorem and (3.11):
The second step in constructing the interpolation operator is to define the internal values for a piecewise P 2 function on a macro Hsieh-Clough-Tocher triangle, which consists of three triangles in T h . This is done first on the reference Hsieh-Clough-Tocher triangle, i.e., the unit right triangle at the origin, shown in Figure 3 . We need to define eight internal nodal values of (I h v). There are two components of (I h v) at 4 internal P 2 nodes, see Figure 3 . On the other
side, there are precisely eight conditions to preserve the divergence of v against P h functions, since the dimension of the pressure spaceP h on one macro triangle is 8 (3 P 1 functions would give a dimension of 9, but the condition of zero mean value would eliminate one dimension.) This is how Qin showed the inf-sup condition for the P 2 Hsieh-Clough-Tocher P 2 -P 1 divergence free element in [12] . But we would build directly the interpolation operator by constructing explicitly a dual basis.
Let the internal nodes of C 0 -P 2 polynomials on the reference macro-triangleK be numbered as in Figure 3 , and {φ i , i = 4, 5, 6, 7} the four internal P 2 nodal basis functions. One such nodal basis function is plotted in Figure 5 . Let A be the 8× 8 matrix representing the vector semi-H 1 inner product: its 2×2 blocks of 4×4 submatrics are K ∂ lφi ∂ mφj dx, i, j = 4, 5, 6, 7, l, m = 1, 2. By the analysis in [12] , i.e., the inf-sup condition, it follows that A is invertible. But here we compute A −1 explicitly, in order to construct a semi-H 1 dual basis for the four vector nodal basis functions onK. The entries of A −1 are displayed in Figure 4 .
We defined the dual basisb
by, cf. Figure 3 and Figure 4 , 14) where the coefficients are displayed in Figure 4 . Two such dual basis functions are depicted in Figure 5 . One can verify thatb i is a dual basis, i.e.,
We note that we only need half of the matrix A −1 . In (3.14), the entries of first four columns of A −1 are used. We may use the second four columns of A −1 to define another set of dual basis, then the partial directive inx direction in (3.15) would be replaced by ∂/∂ŷ if the other dual basis is used. In fact, as the reference element is symmetric inx andŷ, by switching the two components ofb i , we would get the other set of dual basis functions. As we used the inverse matrix A −1 , we get immediately that For a general triangle M ∈T h , let F :K → M be the reference mapping, known as Piola transformation ( [6] ), i.e,
where x j are the three vertices of macro-triangle M andφ j are the P 1 nodal basis functions onK. Let the Jacobian matrix and Jacobian of the affine transformation F be, respectively,
In order to find the dual basis on M , we map the averaging integrals (3.16) onK to integrals on M :
Hence, we can linearly combine them to get
Therefore, we conclude the calculation with the definition of of the dual basis on M :
whereV h is defined in (3.2) and b j,i are defined by (3.18)-(3.20).
Theorem 3.1 The following linear, H 1 -stable interpolation operator preserves the boundary condition, the V h finite element functions and the divergence inside the finite element space
whereĨ h andĪ h are defined in (3.12) and (3.21) respectively.
Proof. The idea is to use the eight degrees of freedom of I h v inside each macro-triangle M ∈T h , cf. Figure 3 , to match the eight nodal values of P 0 div(v −Ĩ h v), where P 0 is the L 2 -orthogonal projector to P h . Note that each linear P dc 1 function in P h has 3 × 3 coefficients on a macro-triangle M which consists of three triangles. But divĨ h v matches the mean value of div v on M so that P 0 div(v −Ĩ h v) has 8 independent coefficients.
Since the support ofĪ h v is inside each macro-triangle K ofT h , I h preserves the homogeneous boundary condition of v, by Lemma 3. 
for some constants C M,j and D M,j . Now, inside each triangle M ∈T h , by (3.19) and (3.20) , To show (3.25) on each element M ∈T h , we map M to the reference elementK. As the matrix A for defining the dual basis is invertible, onK, {divw h | M } is an 8-dimensional subspace ofP h restricted on M . On the other side, the dimension of itself,P h restricted on M , is 8. So (3.25) holds. Then, as {b j,1 , b j,2 } form a basis forV h restricted on each M , we have the following linear combination, cf. (3.18) and (3.20) , 1 and (3.26) ,
Finally, by mapping I h v to the reference element, the same way in proving (3.13), it is standard to show the stability that
The convergence analysis
We will show that the divergence-free element solution is the best approximation in the finite element subspaces, under appropriate norms, to the exact solutions of the Darcy-StokesBrinkman system (2.1), uniformly for ǫ ∈ [0, 1]. Following [10] , the following parameter dependent norm is introduced to the analysis:
When ǫ = 1, · ǫ is equivalent to the H 1 -norm, and equivalent to the H div -norm when ǫ = 0. We show the inf-sup condition again with respect this ǫ-dependent norm in the next lemma.
Lemma 4.1 Both bilinear forms are coercive:
Proof. We note that (4.2) holds in fact as an equality, by (2.7) and (4.1). For (4.3), cf. [13, 2] , there is a v ∈ H 1 0 (Ω) such that
and consequently the inf-sup condition
We are ready to show the main theory, the quasi-optimality of the Hsieh-Clough-Tocher P 2 divergence-free element.
Theorem 4.1 Let V h and P h be defined in (2.2) and (2.3), respectively. The finite element solutions in (2.8) approximate the solution in the Darcy-Stokes-Brinkman system (2.1) in optimal order:
Further, if the solution (u, p) is regular with some 0 < r ≤ 2 in (2.1),
Proof. By the inf-sup condition, there is a unique solution (u h , p):
By the second equation, we get the best approximation for the divergence:
(4.10)
Let P 0 p be the L 2 orthogonal projection of the pressure p in space P h , i.e., (q h , P 0 p) = (q h , p) for all q h ∈ P h . By (4.8), we have
Since (q h , div(u − I h u)) = 0, shown in Theorem 3.1, we get
Using the Schwartz inequality, we get the following estimates for the velocity
(4.13)
For the pressure approximation, we have
(4.14)
By the continuous inf-sup condition, i.e., the maximal right inverse of the divergence operator, cf. [13, 2] , there is a v ∈ H 1 0 (Ω) 2 such that
. By the preservation of divergence of I h in Theorem 3.1, we get
Thus, by (4.14), (4.13) and Theorem 3.1, we get
Normally, the solution of (1.1) depends on ǫ. So as ǫ approaches zero, the convergence estimates given in Theorem 4.1 will be deteriorate, especially in the case that the solution of (1.1) has boundary layers. Let
where x 1 , x 2 , ..., x N denote the vertices of polygonal domain Ω. We assume the domain Ω and the data in (1.1) are regular enough so that the solutions of (1.1) satisfy 16) where (u 0 , p 0 ) is the solution of (1.1) when ǫ = 0. (4.16) is proved in [10] for convex polygonal domain Ω, using the regularity results of [2] . Applying the same techniques developed in [10] , we have the following uniform convergence estimate. We note that, comparing to the convergence rate in Theorem 4.1 (assuming there the regularity constant r = 1), we lose half an order of convergence in next theorem. Nevertheless, the rate for the divergence remains optimal by (4.5) of Theorem 4.1.
Theorem 4.2
Let V h and P h be defined in (2.2) and (2.3), respectively. If (4.16) holds, then there is a constant C, independent of ǫ, such that
Proof. We repeat the proof in [10] , with Theorem 3.1. By (4.4) and (4.16), we get
By (4.4), (4.5) and (4.16),
Finally, by (4.15), (4.16) and the two estimates above, it follows that Figure 6 : The level 3, 4 and 5 Hsieh-Clough-Tocher grid T h in Table 1 .
Numerical tests
We apply the Hsieh-Clough-Tocher P 2 divergence-free element to two model problems of DarcyStokes-Brinkman equations, where one is regular while the other has a boundary layer. The numerical results confirm the analysis for both cases. We continue to apply the method to a chancel flow problem where the viscosity has a big jump.
We repeat the computation for a model problem in [10] . We solve (1.1) on the unit square Ω = (0, 1) 2 with the exact solution:
That is, g = 0 in (1.1) and
We take a sequence of uniform grids on the domain Ω as the base grids. Then each base grid is refined into a Hsieh-Clough-Tocher grid by connecting the barycenter of each triangle to the three vertices. Three levels of computational grids are shown in Figure 6 . We define multi-level finite element spaces V h and P h ((2.2) and (2.3)) on such Hsieh-Clough-Tocher grids. For the resulting linear systems of equations (2.8), we solve them by the iterated penalty method, cf. [8, 6, 5, 17] .
In Table 1 , we list the errors of finite element solutions in various norms, and the convergence orders for the solutions. They seem to be of optimal order in convergence, confirming the theory in Theorem 4.1. That is, order 3 for the velocity solutions in maximum norm and in L 2 norm while order 2 in H 1 norm, and order 2 for the pressure solutions in maximum and L 2 norms. These orders of convergence are independent of the perturbation parameter ǫ, because the solutions are regular here, independent of ǫ.
Next, we apply the Hsieh-Clough-Tocher P 2 divergence-free element to the Darcy-StokesBrinkman equations, where the solutions are not regular, i.e., with boundary layers. We solve (1.1) on the unit square Ω = (0, 1) 2 with the exact solution: That is, g = 0 in (1.1) and f = (1 − ǫ∆)u − grad p.
We note that the two components of u have each a boundary layer in each direction, shown in Figure 7 .
Comparing to the convergence orders in Table 1 , we can see that we lose some orders of convergence here in Table 2 . However, the errors and the orders of convergence shown in Table  2 are consistent to the theory shown in Theorem 4.2.
Our third numerical test is on computing a flow driven by a boundary force, not by an internal force, i.e., for the problem (1.1) where f = 0, g = 0, but u| ∂Ω = 0. The domain is shown in Figure 8 , where the in-flow and out-flow boundary condition are, respectively, In Figure 8 , we plot the computed velocity field u h and the second component of u h , for ǫ = 1 in (1.1). The corresponding graphs for ǫ = 4 −4 are nearly identical. In Figure 9 , the computed pressure p h is shown for ǫ = 1 and ǫ = 4 −4 . The are slightly different. 
